The e ect of quenched random internal disorder on tethered membranes is studied by modifying treatments of pure systems to allow for small local uctuations in the metric due to defects. To lowest order in = 4?D, where D is the internal membrane dimensionality, we nd that the at pure phase is stable to disorder at nite temperatures, but unstable at low temperatures to a phase which lies outside the range of the -expansion. For D < 4 the instability is triggered by any nite amount of disorder, while for D > 4 there is threshold value of disorder below which the at phase is stable at all temperatures. We speculate on the nature of this phase. We argue that the low temperature instability persists in the presence of random spontaneous curvature, and show that the at phase is always unstable when unbound disclinations are included in the disorder.
The above kinds of disorder, however, also produce random inhomogeneities in the internal metric. A dilute concentration of large copolymerized monomers, for example, will warp the surface and alter the way distances are measured internally within the membrane.
It was recently shown that quenched random variations in the local metric can destabilize the at phase at su ciently low temperatures. 20] In this paper we explore these ideas in detail. We consider general quenched random perturbations about a locally at metric, as might arise in a model with both inhomogeneous particles sizes and bond lengths (see Fig. 1 ). D-dimensional tethered manifolds embedded in d dimensions [7] [8] [9] are studied to lowest order in an expansion in = 4 ? D. Below D = 4, disorder softens the bending rigidity and destabilizes the at phase at zero temperature. The at phase can persist over a range of temperatures in the presence of weak disorder, but our results suggest a transition to disorder-dominated behavior at su ciently low temperatures. For D > 4, a transition to a \glassy" phase dominated by disorder only occurs above a certain threshold disorder strength. Although the properties of the disorder dominated regimes cannot be treated within the -expansion, we have recently shown explicitly that a crumpled surface with Edwards-Anderson spin-glass order in the surface tangents results in the exactly soluble limit d ! 1. 21] Similar conclusions probably apply to surfaces with random holes and tears. Holes can be carefully excised at random from a triangular lattice with perfect sixfold coordination in such a way that the ground state is at at zero temperature. At nite temperatures, however, the edges of these holes will contract (due to entropic e ects) more than the unexcised regions, leading again to strains associated with perturbations in the local metric.
These arguments suggest a possible instability of the at phase in this limit of low, but nite temperatures and large elastic constants in simulations like those of Grest and Murat. 19]
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The results described above apply to surfaces which retain a simple sixfold triangular bonding topology. Compact membranes can also be polymerized with identical monomers, but with defects in the sixfold internal bonding topology. The elementary defects in this case are points of vefold and sevenfold coordination, i.e., disclinations. Suppose for simplicity that the polymerization is carried out in an essentially at environment, e.g., in a Langmuir-Blodgett lm at an air-water interface. We can then study the conformations of such a membrane when placed in an approximately neutral solvent, such as alcohol. 22] The defects which result from polymerizing a nite temperature solid will be primarily bound pairs of dislocations, each of which can be regarded as a 5-7 disclination dipole. 23] We shall argue in Sec. 3 that the behavior in this case resembles the random impurity problem discussed above. Membranes formed by polymerizing a liquid, on the other hand, will have unbound disclinations embedded in the bonding topology. We show that this leads to long range correlations in the random metric and always destabilizes the at phase of pure systems, even at nite temperatures. We nd, however, that unbound dislocations, which would appear in an intermediate hexatic phase 23] are by themselves insu cient to destabilize the at phase at nite temperatures.
An important recent experiment by Mutz, Bensimon, and Brienne 24] has led us to consider one additional kind of randomness. These authors study polymerized vesicles, i.e., closed surfaces made of lipid bilayers. In the absence of polymerization, these materials exhibit a remarkable shape transformation from a spherical topology to a cylindrical one with decreasing temperature. The transformation appears to be associated with the expulsion of Gaussian curvature as hexatic or crystalline order develops within the membrane. 25] If the vesicles at high temperature are rst subjected to polymerizing ultraviolet 5 radiation, a remarkable \wrinkling transition" to a rigid glassy phase takes place at about the temperature where the shape transformation occurs in unpolymerized samples. The partial polymerization at high temperatures presumably results in sparse but percolating networks of covalent bonds which prevent the shape transformation. As this material cools crystalline order sets in within these lipid \corrals", and quenched random strains, similar to those discussed above, will develop. There is, however, one additional complication: if the initial polymerization is in a liquid, as opposed to a hexatic phase, unbound disclinations will be an important component of the disorder. The observed wrinkling presumably re ects the disclination-induced instability of the at phase discussed above. 26] Because of spatial variations in the amount of polymerization on di erent sides of the bilayer, quenched random uctuations in the spontaneous curvature will also appear.
We show here that small uctuations in the spontaneous curvature about zero 27] do not a ect our conclusions about the instability of the at phase at low temperatures in the presence of random strains for the case D = 2 and d = 3. The transition observed by Mutz et. al. is thus an excellent candidate for the instability predicted in this paper. It would also be interesting to study the e ects of a random spontaneous curvature within the -expansion. 28]
We conclude by emphasizing some limitations of our analysis. Although we show that the at phase is unstable under certain conditions, we can only speculate about the asymptotic long-distance behavior in this case. Our results strongly suggest some sort of glassy behavior for d = 3 and D = 2 (see Sec.5), and it can be shown explicitly that a crumpled membrane spin-glass results in the limit d ! 1. 21] Even these calculations, however, su er from the neglect of distant self-avoidance. Distant neighbor self-avoidance, 6 although unimportant in the at phase, may well a ect the physics of any \spin glass" phases. One possibility is a \roughened" glass phase which is macroscopically at, but with a di erent roughness exponent than for pure systems.
In Section 2, we de ne our model, and argue that random impurities do not a ect the crumpled phase of phantom and self-avoiding membranes. A straightforward application of the Harris criterion 29], however, shows that such randomness is important at the crumpling transition itself for phantom membranes. When unbound disclinations are present, we nd a logarithmically divergent swelling in the crumpled phase of phantom membranes. In Section 3, we discuss the at phase via perturbation theory for D = 2 and d = 3, focusing on the renormalized bending rigidity. We nd that (i) random impurity disorder destabilizes the at phase at zero temperature while leaving it intact at nite temperatures; (ii) a quenched distribution of unbound disclinations embedded in a membrane destabilizes the at-phase characteristic of pure systems at all temperatures; and nally (iii) random spontaneous curvature does not a ect results (i) and (ii). The -expansion results for general Gaussian quenched random uctuations about a at metric caused by random impurities are described in Sec. 4, con rming the conclusions (i) above.
Section 5 contains some conclusions and arguments for spin-glass order in membranes at low-temperatures. The details of the -expansion, as well as the rederivation of our results using the replica trick, are contained in three Appendices. The nonlinear quartic terms are now essential to stabilize the membrane.
MODEL FREE ENERGY WITH DISORDER

Inclusion of Disorder
We now extend the model for the pure membrane to include the e ects of the quenched, random impurity disorder. We rst assume t < 0, and then rewrite the e ective free energy for the pure membrane in the suggestive form, 7 quenched disorder, we assume that it is the free energy rather than the partition function which should be averaged over this probability distribution.
In Sections 3 and 4 we shall study the response of this system to both disorder and thermal uctuations by expanding about the at state, settingr(x) = (x + u )ẽ + f ẽ ;
where the u (x) are \in-plane" phonon coordinates, and the f (x) multiply vectors fẽ ; = D+1; : : : ; dg which span a subspace perpendicular to the average manifold plane.
In the special case ! 1, extrinsic curvature is squeezed out, and we can set the f = 0.
When D = 2, the free energy, Eq.(2.6) then reduces to a model of at crystalline lms with a quenched random distribution of impurities. 31] In this case, the local dilations and contractions produced by the disorder lead to a reentrant dislocation unbinding transition into a disorder-dominated regime at su ciently low temperatures. Of course, dislocations (and disclinations) in the polymerized net studied here, if they occur at all, are frozen in and cannot unbind. We defer a detailed discussion of this type of disorder to Sec.3.3., and assume for now that the membrane retains the six-fold bonding topology of a triangular lattice.
E ect of Disorder at High Temperatures and at the Crumpling Transition
When T > T c , i.e., for t > 0, the free energy Eq.(2.6) takes the form hjr(x) ?r(0)j 2 i = 2
hjr(q)j 2 i 1 ? e iq x (2:12) where the brackets represent a thermal average, the bar represents an average over the quenched random disorder, andr(q) is the Fourier transform ofr(x).
For pure systems at high temperatures, the terms proportional to , u, andṽ in Eq.(2.10) produce only small corrections to the basic result,
hjr ( To see how disorder changes this result, we again neglect , u, andṽ and expand in the couplings proportional to and 0 . The result for hjr(q)j 2 i before and after averaging over disorder is depicted graphically in Fig. 2 . This leads to a renormalization of t in Eq.(2.13), (2:16) where 1 (k) and 2 (k) are wavevector-dependent generalizations of the disorder strengths which appear in Eq.(2.9). Since we expect that 1 (k) and 2 (k) tend to constants at long wavelengths for uncorrelated impurity disorder, we see that there is only a nite downward renormalization of t, leading to a larger coe cient in Eq.(2.15). Thus weak impurity disorder merely swells the membrane slightly and should not a ect the universal long wavelength properties of phantom membranes in the crumpled phase.
We shall argue in Sec. 3.3 that a quenched array of unbound disclinations in a membrane polymerized from an equilibrium two-dimensional liquid can be modeled by correlated disorder which satis es 2 (k) = 0 and
We see from Eq.(2.16) that there is then a logarithmically divergent renormalization of t in this case. We hope to study how disclinations increase the size of phantom membranes under these circumstances in a future publication.
Returning to impurity disorder without disclinations, we can show that these defects will in fact change the behavior of phantom membranes precisely at the crumpling transition. The term proportional to in Eq.(2.10), in particular, couples the disorder to the membrane \energy density" (@ r) 2 . Taking over standard arguments due to Harris, 29] we nd that the pure system is only stable to disorder if the exponent of the speci c heat 4=5. Random copolymerization will produce quenched uctuations in the strength of the repulsive interactions between distant monomers, in addition to the terms discussed above. Obukhov 18] has shown using the Flory argument that these uctuations have little e ect on conventional linear polymers in a good solvent, i.e., above the point.
It is straightforward to adapt this approach and show that there are only small changes to Eq.(2.18) in the limit L ! 1 for self-avoiding crumpled membranes as well.
PERTURBATION THEORY FOR D = 2, d = 3
Useful information about the physics of membranes can be obtained by simply expanding about the at state. Using numerical and analytical information about the behavior of pure systems, we can study the stability of the at phase to various kinds of disorder using this approach. We concentrate in this section on the case of experimental interest, D = 2 and d = 3.
Impurity Disorder
Upon settingr where = 1=k B T and (3:5) where K 0 = 4 ( + )=(2 + ) and P T is the transverse projection operator, P T = ? @ @ =r 2 .
We now calculate the renormalized disorder and wavevector-dependent bending rigidity D R (q) and the elastic parameter K R (q) de ned by
hjf(q)j 2 i c
hf(q 1 )f(q ? q 1 )f(q 2 )f(q 2 ? q)i c k B TK R (q)P T (q)P T (q)q 1 q 1 q 2 q 2 (3:6b)
where the bar represents an average over the quenched random impurity eld and where c signi es that only the connected part of the correlation function is included. We have also divided out the momentum-conserving -function in our de nition of the averages. where there is an upper cuto implicit in the integrals corresponding to the underlying lattice model cell size. Although the above perturbation series is infrared divergent with the correction terms diverging like 1=q 2 , we can still extract the qualitative e ects of thermal uctuations and disorder on the ordered phase of the membrane. The rst correction term is identical to the one for the pure tethered surface 3]. It shows that thermal uctuations sti en the membrane by increasing the bending rigidity. This term is reponsible for the at phase, since the diverging bending sti ness (obtained from a simple self-consistent theory 3]) tends to suppress the undulation modes, which normally distroy the ordered phase in D = 2. The second disorder-generated term in Eq.(3.7), on the other hand, leads to a divergent reduction of the bending rigidity. Since the rst term carries the factor of T while the disorder term does not, the e ect of disorder will dominate at low temperatures.
This low-temperature disorder-activated instability is the main subject of this paper. In Sec. 5, we shall argue that this softening of the bending rigidity leads to many nearly degenerate minima in the free energy and the spin-glass-like ordering at T = 0.
Weak disorder should not a ect the asymptotic behavior of membranes in the at phase at su ciently high temperatures, despite its importance at T = 0. To see this, assume the disorder is so weak that we can replace the elastic constants on the right hand to zero at long wavelengths ( u > 0). These soft elastic constants make it easier for the membrane to screen out the strains induced by impurities.
We can also study perturbatively the renormalized elastic parameter K R = 4 R ( R + R ) We observe that to one-loop order, K R is reduced by thermal uctuations, but una ected directly by the disorder.
Quenched Random Dislocations and Disclinations
Virtually all calculations of polymerized membranes to date have excluded defects in the bonding topology, such as dislocations and disclinations. 32] We show here that a quenched array of such defects, embedded in a polymerized net which prefers equal bond lengths, can be modeled by a free energy like Eq. (3.5), provided we modify the distribution function of the randomness in Eq. (2.9).
Our starting point is the analysis of crystalline and uid order on a random topography in Ref. 33 . This paper studies the e ect of annealed dislocations and disclinations in membranes subjected to a quenched random out-of-plane displacement eld f(x). The starting point is just the e ective free energy Eq. We can now evaluate the renormalization of the bending rigidity exactly as in the previous subsection, provided we can extract the appropriate distribution for c(x) using Eq. (3.12). The precise probability distribution depends on the circumstances of the polymerizaton. We focus for simplicity on polymerizations carried out at a nite temperature on an essentially at membrane (e.g., a Langmuir-Blodgett lm at an air-water interface, or a liposome with a large bending rigidity), which is then allowed to uctuate in a three-dimensional solvent. There are three cases to consider: Because of the extra factor of 1=jpj 2 , the integral is now much more singular, and we nd that randomness is only negligible at the at-phase xed point, provided ? > 2.
This inequality is incompatible, however, with a diverging bending rigidity, in view of the relation 2 + u = 2. We conclude that the at phase of polymerized liquids is destabilized by unbound disclination disorder at all temperatures. A 6? expansion would be necessary to control the quenched-random-strain uctuations in this case. hju T (q)u T (?q)i c P T k B T R (q)q 2 q ?2? ? (4:1b) hju and a line of xed points at T = 0 for < 0 (see Table 1 ).
The rst four xed points are identical to the ones obtained in the previous study of pure membranes. 8] They are con ned to the^ 1 =^ 2 = 0 subspace, characterizing a membrane with no disorder. Below four dimensions the four xed points characterizing the pure membrane are the only physical ones. P 1 is an infrared unstable Gaussian xed point at the origin. P 2 and P 3 are partially unstable xed points and lie on the boundary of the domain of stability of the membrane. The infrared stable xed point P 4 characterizes the at phase of a pure membrane. The scaling exponents, , ? , and k , evaluated at P 4 , lead to a diverging R (q) that stabilizes the at phase and vanishing wave-vector- We also nd that the renormalized Lam e coe cients are nonuniversal nite constants at T = 0. We shall argue in Sec. 5 that the transition for^ e >^ e is to a highly degenerate spin-glass-like ground state. temperatures the disorder threshold value^ e (^ ) increases linearly with^ , leading to a planar \transition surface". However, because P 5 is repulsive in temperature as well as the disorder direction, this xed point does not control the transition at nite-temperatures.
It is likely that there is a nite temperature nonperturbative critical xed point further out the \transition surface" which controls the transition. Other methods must be used to study the transition at nite temperature. 21]
SUMMARY AND SPECULATIONS ON SPIN GLASS ORDER
In the absence of disorder, phantom polymerized membranes undergo a phase transition between a crumpled and a at phase as the temperature is lowered. The at phase is remarkable because its lower critical dimension is less than 2, even though it is a continuous symmetry that is being broken. What makes this possible is the nonlinear coupling between the in-plane and out-of-plane uctuations, which leads to a diverging bending rigidity under renormalization.
In this paper we have shown that this at phase is actually rather fragile, at least when quenched disorder is present. The e ects of impurites and other imperfections were modeled by random deformations in the metric of the lowest-energy con guration of the membrane. At low temperatures, disorder generically leads to the breakdown of the at phase. If unbound disclinations are included in the disorder, this breakdown occurs at all temperatures.
We have several reasons to believe that these instabilities lead to spin-glass phases. where S(x) is the Gaussian curvature. There are, in general, many con gurations that minimize the stretching energy, adapting themselves to the frozen-in distribution of impurity disorder. The true ground states are given by those solutions that also minimize the bending energy. The softening of the bending rigidity displayed in Eq. (3.7) suggests that these di erent long-wavelength con gurations, which minimize the elastic energy, will be nearly degenerate.
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The degeneracy of these competing minima is, in fact, Ising-like. Consider, for example, a single large impurity atom that causes an otherwise at membrane to pucker up or down, re ecting the invariance of solutions to Eq. (5.1) to the transformation f ! ?f.
Puckering will screen the elastic interaction between a collection of well-separated impurities. The weakly interacting two-level systems embodied in this picture are reminiscent of an Ising spin glass. One might expect that the bending energy induces an \antiferro-magnetic" interaction (i.e., it prefers puckers on opposite sides of the membrane) between these two-level systems, especially when distant self-avoidance is present. The interaction between elastic dipoles (e.g., well-separated long bonds), on the other hand, could be either ferromagnetic or antiferromagnetic, depending on their relative orientation. We expect a In this Appendix, we have, for convenience absorbed the factor = 1=k B T in , and .
Upon using Eq. (3:3b), we obtain F e f ; u ; c ] =
where P T and P L are transverse and longitudinal projection operators ?
Following the original ideas of Wilson and Kogut 39] we implement the momentumshell renormalization group transformation. We integrate out all the elds with b ?1 < jkj < , b > 1 and rescale the remaining degrees of freedom: 
Here q = ?k 1 ? k 2 in the third term, and k 1 + k 2 + k 3 + k 4 = 0 in the second. Also for shorthand we de ned These Feynman rules lead to the renormalization of , de ned in terms of hf i (k)f j (?k)i c .
The diagrams contributing to the corrections of the tree-level result are shown in Fig. 10 and lead to the recursion relation for hjf ( 
Assuming that it is possible to interchange the thermodynamic limit and the limit n ! 0, the equivalence of the original theory with a quenched eld c and the replicated theory 
The one-loop correction to the two-point correlation function hf a i (k)f a j (?k)i c , which determines 0 (b), is expressed diagramatically in Fig. 11 . Upon taking the n ! 0 limit, the last diagram in Fig. 11 vanishes, because it is proportional to n, and we recover the result 2 R P T P T (q) + 2 R R 2 R + R P T P T (q) = 2 P T P T (q) + 2 2 + P T P T (q) An independent renormalization of the P T P T and P T P T terms leads to the recursion relations for 2 and 2 2 + : In this appendix we calculate the renormalization-group ow near the xed point P 5
for D > 4. For simplicity we will restrict our analysis to an invariant subspace of the full parameter space de ned by^ 2 = 0. The generalization to the full space is straightforward.
To calculate the ow near P 5 we need to linearize the set of recusion relations in Eqs.(4:4a; b; c), within the^ 2 = 0 subspace. We can further reduce this three-dimensional problem to the analysis of a two-dimensional parameter subspace de ned by^ + 3^ = 0.
The reason for this is that this is an attractive and an invariant subspace. To show this we use Eqs. 
